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Abstract 
Graef, J.R. and P.W. Spikes, On the oscillation of an nth-order nonlinear neutral delay differential equation, 
Journal of Computational and Applied Mathematics 41 (1992) 35-40. 
The authors consider the n th-order nonlinear neutral delay differential equation [ y( t I+ P(t )y(g( t ))f”) + 
6Q(t>f(y(h(t))) = 0, where N 2 1, Q<t> 2 0 and S = + 1. They give sufficient conditions for solutions to either 
oscillate or converge to zero. 
Keywor&: Neutral deiay equation; d&j dP-- Iabnbfitid eqttation; OSCiil2llr~ behavior. 
1. Introduction 
In this paper we consider the nth-order, n 2 1, nonlinear neutral delay differential equation 
w 
where 6 = f 1, g, h, P, Q : [to, 4 --) R, I, 2 0, are continuous with g, h, P and Q nonnegative, 
g(t)<t, h(t) \(t, g(t) --)oo and h(t) --) 00 as f --, m, P, Q f C on any half line [t, d, and 
f : R + R is continuous with uf (u) > 0 for u f 0. Equations of this type arise in a variety of 
applications, one of the best known of which is thz current in a lossless transmission line 
connected to a nonlinear circuit (see [3,4]). Such equations also arise as Euler equations for the 
minimization of functionals involving a time delay (see [6]). 
Every solution y(t) considered here is nontrivial and defined on a half line [l,,, a~), tY 2 t,. 
Such a solution is said to be osdlatory if its set of zeros is unbounded from above, and is said 
to be nonoscillatory otherwise. Our interest here is in obtaining conditions that imply that 
solutions of (E) are oscillatory. There are a number of known results of this type for linear 
equations, many of which depend on knowledge of the characteristic equation for the linear 
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version of (E). For example, see [13-17,20,22] and the references contained therein. Far less is 
known for nonlinear equations; we refer the reader to [2,7-10,18,19] for n = 1 or 2, and 
[1,5,11,12,21,23] for higher-order equations. 
The main results in this paper are contained in Theorems 1 and 2 below. Let K = {k: P(t) = k 
for some t E [to, =I} = Im P. In what follows we assume that for each k E K, 
f(u + L’) <f(u) + f(L‘), if tc,c>O, (1) 
f(u+L’)>f(@+f(t’), if 14, L’ < 0, (2) 
f(W < kf(u), ifk>O and u>O, (3) 
and 
f(ku) 2 kf(u), if ka0 and u<O; (4) 
f(u) is bounded away from zero if u is bounded away from zero; (5) 
the functions g and h commute, i.e., 
g@(t)) = h@(t)), for t at,, (6) 
/ 
x 
Q(s) ds = 00, (7) 
f0 
and there are positive constants it4 and b such ihdt 
and 
For each 
g’(t) a b 
WWQ!t) G Meigitb 
solution y(l) of (E) we define 
20) =Y(t) +P(t)Y(z(f))- 
(8) 
(9) 
Theorem 1. Suppose 6 = + 1 and conditictns ( S>-(9) hold. Then, 
(i) if n is etlen, erery solution of ( EJ is oscillatory; 
(ii) if n is odd, any solution y(t 1 of QE) is either oscillatory or satisfies y(t) + 0 as t + 00. 
Proof. Suppose that (El h=ns an eventually positive solution y(t), say y(t) > 0, y(g(t i) > 0, 
y(h(tN > 0, and y(g( hW)) > 0 for 5 2 t 1 for some t, 2 t,. It then follows from (11, (3) and (6) 
that 
f (z(h(t))) =f (v(W) +P(h(t ))y(g(h(f )))) 
Gf(y(hO))) +P(h(t))f(y(h(g(t)))). 
Hence 
~‘““(0 +Q(t)f(z(W))) G Q(W’(h(t))f(y(h(dO)))- (10) 
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Since y( h( t )) > 0 for t 2 t,, zol)( t ) < 0 and so z’“(t) is monotonic for i = 0, 1,. . . , n - 1. It then 
follows that z(“-” ( t ) is eventually positive since z(” - ‘) (t) G 0, z(“)(t) < 0 and Q(t) f 0 imply 
that z( t ) would eventually become negative. From (E) we have 
z”*‘(gWg’(t) + Q(s(t))f(y(h(g(t))))g’(t) = 0. 
Choosing T 3 t, so that z @-l)( g(t)) > 0 for t 3 T, and integrating shows that 
/ mQ(ds))f( WWd)))g’(s) ds < *a T 
This, together with (8) and (9), implies that 
jgQWP(hWf (y(W#)) ds < m- 
T 
An integration of (10) shows that 
/ mQOf (z(W))) ds < 00, T 
which, in view of (5) and (7), implies that lim inf, ___ z( t ) = 0. Therefore z(t) + 0 as t --$w since 
z( t ) is positive and monotonic. Clearly, z ‘( t ) < 0 eventually. For n > I, z ‘(t ) + 0 as t + 00 since 
z’( t ) is monotonic and z( t ) > 0. Hence z “( t ) 2 0. Moreover, for n > 2, z “( t ) is eventually 
positive and satisfies z”( t ) + 0 as t + 00 since z’(t) < 0. Continuing in this fashion we see that 
~(~)(t)z(~+l)(t) < 0, for i = 0, 1,. ..,n - 1, (111 
with strict inequality holding for i < n - 1. If n is even, (11) and the fact that z(“)(t) < 0 
contradicts z( t ) > 0. If n is odd, then y( t ) < z( t ) -+ 0 as t + 00, and this completes the proof of 
the theorem in case y(t) > 0. The proof when y(t) < 0 is similar and will be omitted. 0 
Our second theorem is for the case when 6 = - 1. Observe that it only holds for bounded 
solutions of (E) (see the discussion concerning (13) below). 
Theorem 2. Suppose S = - 1, conditions (, a)-(9) hold and P( t ) is bounded. Then, 
(i) if n is even, any bounded solution y(t) of (E) is either oscillatory or satisfies y(t) + 0 as 
t + 00; 
(ii) If n is odd, every bounded solution of ( E) is oscii!atmy . 
Proof. Let y(t) be a bounded and eventually positive solution of (E), say y(t) > 0, y( g(t)) > 0, 
y(hW) > 0, and y(g(h(t))j > 0 for t 2 l1 for some t, >, t,. Observe first that z(“)(t) > 0 SO 
z%) is monotonic for i = 0, 1 Y***T n - 1. Also, note that z(t) is bounded since P( t ) is 
bounded. Conditions (l), (3), (6) and (9) yield 
z(“)(t) + Me(sWf ( y(WW)) 2 QWf (WW (12) 
If n a 2, then z w - l)(t) < 0 eventually, say for t >, T > t,, since z(“? t) > O? z(“)(t) 2 0 and 
Q(t) f 0 imply that z(t) + 00 as t + 00. As in the proof of Theorem 1, it follows from (E) that 
/ PQ(g(s))f(y(h(g(s))))g’(s) ds < 00. T 
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Hence, by (8) and an integration of (12) we see that 
j--Q(df( Ws))) ds < w- 
Conditions (5) and (7) then imply Cm in& += z(t) = 0, and since z(t) is monotonic, z(t) -+ 0 as 
t + 00. Arguing as in the proof of Theorem 1 we again obtain (11). 
If n is even, then y(t) <z(r) --, 0 as t + 00 and (i) is proved. If n 3 3 is odd, then (11) and the 
fact that P(t) 2 0 contradicts t(f) > 0. If n = 1, r(“)(t) =z’(t) >, 0 so there exists A > 0 and 
ri 3 t, such that z( h( t )) 3 A for t 2 7’1. Also from (9) and (E) we have 
g’W’(gW) 2 bQ(g(t))f(y(h(g(t))))= 
Integrating, and using the fact that z(t) is bounded, we obtain 
/ xQ(gfs))f (y(WW ds < 00, Tl 
Therefore, an integration of (12) yields 
z(r) +M / ‘Q(g(s))f~y(h(g(s)))) ds =(7-A +Aj’Q(s) ds -+ 0°9 *I Tl 
as t + a~, which is a contradiction. The proof in case y(t) < 0 is similar and will be omitted. 0 
Remark 3. When n = 2, Theorem 1 generalizes [7, Theorem 1 l] and Theorem 2 generalizes [lo, 
Theorem 111. When n = 1, Theorem 2 generalizes [8, Theorem 111. For arbitrary n, Theorems 
1 and 2 generalize [12, Theorem]. Theorem 1 also generalizes the following results for linear 
equations: [i4, Theorem lo] and [20, Theorem 81 for n = 1, [16, Theorem 6] for n = 2 and [15, 
Theorem 9] for even-order equations. 
The following equations satisfy the hypotheses of the various parts of Theorems 1 and 2, and 
each equation has the unbounded oscillatory solution y(t) = et sin f: 
[Y(l) +PY(t - b)lM + 2 e(3”‘2)( pe-” - l)y(t - $n) = 0 
and 
[y(t) +py(t -b)]’ + fi e(7T/“)(pe-” - l)y(t - $T) = 0, 
where 0 <p + e”. Note that 6 = + 1 if p > ep and S = - 1 if 0 <p < e”. To demonstrate that 
under the hqrpotheses of our theorems there can be nonoscillatory solutions which converge to 
zero, consider the equation 
[y(t) +y(t - l)](n)+ (- l)n+l 
l+e 1 1 7 YQ - 2) = 0, 
where n = 1, 2,. . . , which has the nonoscillatory solution y(t) = e-’ + 0 as t --) 00. If n is odd, 
Theoreur l(ii) is satisfied, while if n is even, TheoKern 2(i) holds. 
To see that the assumption on the boundedness of solutions is needed in Theorem 2, 
consider the equation 
[Y(l) +y(t - l)]‘“‘- 
e+l I 1 - eYe(l-YJtyY(t - 1) = 0, e (13) 
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where 0 < y < 1 is the ratio of odd positive integers. Here y(t) = e’ is an unbounded rronoscil- 
lately solution. While the authors suspect that under the hypotheses of Theorem 2 any 
nonoscillatory solution y(t) satisfies either y(t) + 0 or 1 y(t) 1 --) 00 as t * 00, they have been 
unable to prove such a result. In this regard, see the discussion in [Ill. 
A final note on the form of the hypotheses imposed in this paper seems appropriate. 
Conditions (l)-(S) are certainly satisfied, as can be observed from the examples above, for the 
function f(u) = uy where 0 < y < 1 is the ratio of odd positive integers and P(t) 3 1. Other 
such functions are f(u) = tanh u and *f(u) = ~(1 + sech u). While condition (6) seems some- 
what artificial, and it would certainly be a significant improvement to eliminate this condition, 
it is satisfied for constant delays, g(t) = t - T and h(t) = t - o, and such functions as g(t) = t a 
and h(t) = t @ where 0 < cy, p G 1. Finally, condition (9) is satisfied, for example, if g(t) = t - 7, 
P(t) is a constant, and Q(t) is T-periodic. 
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